ABSTRACT. Assume f is continuous on the closed disk DI : I zl :5: 1. analytic in I zl < 1. but not analytic on DI. Our concern is with the behavior of the zeros of the polynomials {P:(f)} 100 of best uniform approximation to f on DI. It is known that. for suchf. every point of the circle I zl = 1 is a cluster point of the set of all zeros of { P:(f)} r' .Here we show that this property need not hold for every subsequence of the P:(f). Specifically. there exists such ani for which the zeros of a suitable subsequence { P:t (f)} all tend to infinity. Further. for near-best polynomial approximants. we show that this behavior can occur for the whole sequence. Our examples can be modified to apply to approximation in the ~-norm on I zl = 1 and to uniform approximation on general planar sets (including real intervals). . 1. IntnKluction. We investigate the behavior of best and near-best polynomial approximants in the complex plane C. Let V C C be a compact set containing infinitely many points such that C \ V is connected. By II .II v we denote the uniform norm on V, I.e., Ilfllv := sup{ If(z)1 : z E V}.
this is the case, then an appropriate subsequence {Snt} will converge to a function g holomorphic in Uo and g will be an analytic continuation off to Uo. Thus iff E Ao(V), then any sequence of functions analytic in a neighborhood of V that approximates f uniformly on V can omit no more than one value in this neighborhood.
It was shown by Blatt and Saff [1] that if C\ V is simply connected, then the sequence {P:z(f)}~ of polynomials of best approximation to f E Ao(V) cannot omit any value in a neighborhood of V. More precisely, we have THEOREM A ([ 1 D. Let f E Ao( V), where C \ V is simply connected. Then there is a subsequence { nk} having the following property: given any boundary point zo of V, any c-neighborhood UE(zo) ofzo, and any a E C, the equation P~k(f; z) = a has a root in U E (zo) for all large k.
. In other words, every boundary point of V attracts a -points of the sequence { ~t if) } k~ \. Actually, in [2] , a stronger result is proved concerning the limiting distributionofthese a-points.
Theorem A illustrates what Saff [8] has called the principle of contamination, which roughly states that the existence of one or more singularities off on the boundary of V adversely affects the behavior over the whole boundary of V of some subsequence of the best polynomial approximants ~if) tof on V. It is important to note that this principle as well as Theorem A refer only to some subsequence of the best approximants.
One goal of this paper is to show that Theorem A does not, in general, hold for the whole sequence {p;;if)}r.
With the notation Dr:={z:lzl.$:r}, we shall prove THEOREM 1. There exists a function f E Ao(D!) and a sequence of integers N b k = 1,2,... ,such that the polynomial ~t (f) of best uniform approximation to f on D! has no zeros in Dk for every k.
In other words, the zeros of ~k if) diverge to infinity. REMARK I. Theorem I remains valid if we replace Dl by any compact set V whose complement is connected and regular with respect to the Dirichlet problem. This is an improvement of a result of Grothmann and Saff [4, Theorem 2.1], which asserts that there exists an f E Ao(V) and a subsequence {nk} such that any bounded set contains o(nJ zeros of ~i (f). REMARK 2. It is not necessary to restrict our considerations to polynomials of best unifonn approximation. In Theorem 1 we may replace ~lf, z) by Pnlf, q, z)-the polynomial of best Lq (I ~ q < 00) approximation to f defined by 
I
In the special case q = 2, the polynomial P;;(f, 2) is the Taylor polynomial off and we obtain that there is a function in Ao(D\) such that all zeros of a special subsequence of its Taylor polynomials about the origin diverge to infinity. A similar example was obtained by Jentzsch [7] who also showed (cf. [6] ) that, for anyf E Ao(D\), every point of the unit circle is an accumulation point of the set of zeros of all Taylor polynomials. Theorem 1 and Remarks 1 and 2 are proved in Section 2.
Let us now consider the behavior of polynomials of near-best approximation. We say that the sequence of polynomials { Qn(f)}o is of near-best approximation to f on V if Qn(f) E nn, n = 0, 1,. ..,and there is a constant c ~ 1 such that IV -Qn(f)llv ~ cEn(f)v for any n.
It was asked in [4] if at least one point of the boundary of V must be a limit of zeros of near-best approximants to f E Ao(V). Our next theorem shows that the answer is no; that is, it may happen that no point of the boundary of V attracts zeros of the whole sequence of near-best approximants. In such a situation, we note, however, that for any value a ~ 0, Montel's theorem implies that the a-points of this sequence must have at least one limit point on the boundary of V. THEOREM 2. There exists a function f E Ao(Dl) and a sequence of polynomials Qn E nn such that:
,and (ii) for any p > 1 there is an N such that Qn has no zeros in Dp for any n ~ N. Theorem 2 should be compared to Theorem 1.3 in Grothmann and Saff [4] which says that if we require enough regularity for the error in best approximation of the function f E Ao(V), then at least one point of the boundary of V is a limit point of the zeros of Qnlf). This proves the first inequality. We get the second inequality in a similar way from For k = 1, 2, . , we further set f E Ao(D1);
(here and below CI. C2. . denote possibly different absolute constants); (3.5) (3.6) 11f-QkllDI ~ cz4-k, fork = 1,2, Qk has no zeros in D(k+I)/Z" Then (i) of Theorem 2 will follow from (3.4) and (3.5) and (ii) will follow from (3.6).
For any j ~ 4 we have mj ~ 4i. which implies that lim(4-j)l/mj = 1.
j-oo
Also the series for g is absolutely convergent in DI and hence g E Ao(DI). This implies From (3.7). (3.8) and (3.9) we easily obtaiñ
for k ~ 4. This implies To this end (3.9) should be replaced by W (Gk. .!.:.. mk because Gk(X + 7r / mk) = -Gk(X) for any x. Inequalities (3.7) and (3.8) remain the same for Lq moduli and hence w(G. 7r / mUq ~ CiO 4-k. which implies an inequality similar to (3.4) for the best Lq approximation off.
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